We continue the study of the equivalence relations introduced in the first part. For finite k, it is shown that k-quasi-isotopy implies (k + 1)-cobordism of Cochran-Orr, leading to invariance of Cochran's derived invariants β i , i ≤ k. Furthermore, if two links are k-quasi-isotopic, they cannot be distinguished by any Vassiliev invariant of type ≤ k which is well-defined up to PL isotopy, where type ≤ k invariants are to be understood either in the usual sense or, more generally, in the sense of KirkLivingston (1997). In particular the coefficients of the Conway polynomial of an m-component link at the powers ≤ k + m − 1 are invariant under k-quasi-isotopy. Next we show that the strong version of k-quasi-isotopy, if extended for k an infinite ordinal number, coincides with PL isotopy. We also observe a relation between weak 1-quasi-isotopy of semi-contractible links and link homotopy of their Jin suspensions.
Introduction
The purpose of the present Part II is to get somewhat better, though still far from satisfactory, understanding of the definitions introduced in [Part I] by relating them to some more widely studied concepts, particularly to k-cobordism in the sense of Cochran and Orr (Theorem 3.1) and to k-equivalence in the sense of Goussarov and Stanford for certain setting of finite type invariants (Theorem 2.1). are not stronger than the usual ones,  (ii) impossibility to distinguish by finite type invariants in the sense of KirkLivingston, well-defined up 
to PL isotopy, implies k-quasi-isotopy for all finite k; (iii) k-quasi-isotopy for all finite k implies TOP isotopy in the sense of Milnor (i.e. homotopy within the class of topological embeddings); (iv) TOP isotopy implies PL isotopy.
Under PL isotopy we mean, as usual, the equivalence relation generated by ambient isotopy and addition of local knots. The statement of 0.1 follows since the converse to each of (i)-(iv) holds with no proviso (the converse to (ii) holds by Theorem 2.1 below, to (iii) by [Part I] , to (i) and to (iv) by the definitions).
Let us recall the definitions of [Part I] and use this occasion to state them in a slightly more general situation. For motivations and examples we refer to [Part I] . Let M be a 3-manifold, m a positive integer and k an ordinal number. Two PL links f 0 , f 1 : S 1 1 ⊔ · · · ⊔ S 1 m ֒→ M are (weakly, strongly) k-quasi-isotopic, if they are PL homotopic through maps f t with at most single transversal self-intersections of the components, all of which are (weak, strong) k-quasi-embeddings (defined below). Consider a PL map f : S 1 1 ⊔ · · · ⊔ S 1 m → M with precisely one double point f (p) = f (q), p, q ∈ S 1 i . Assume that in addition to the singleton P 0 = {f (p)} there is a sequence of compact polyhedra P 1 ⊂ . . . ⊂ P k in the complement to all other components S 1 j , j = i, and of arcs J 0 ⊂ . . . ⊂ J k ⊂ S 1 i such that f (J n ) ⊂ P n+1 and J n ⊃ f −1 (P n ) for each 0 ≤ n ≤ k. (Notice that if j is a limit ordinal number, the condition f (J n ) ⊂ P n+1 vanishes for P j since j cannot be n + 1 for some n, and thus the polyhedron P j is supposed only to contain all previous ones.) If moreover each inclusion P n ∪ f (J n ) ⊂ P n+1 induces trivial homomorphism on (abelianized) fundamental groups then f is called a (weak) k-quasi-embedding, and if all P n 's for n > 0 are closed PL 3-balls then f is called a strong k-quasi-embedding. Also, all PL embeddings f : S 1 1 ⊔ · · · ⊔ S 1 m ֒→ M are to be thought of as contained in the class of (weak, strong) k-quasi-embeddings. If f is a (weak, strong) k-quasi-embedding, but not an embedding, it will be convinient to call an arcJ 0 such thatJ 0 ⊂ J 0 , ∂J 0 = {p, q}, the (weak, strong) k-inessential lobe of f .
Remark. Note that, unless M = R 3 or S 3 , k-quasi-isotopy need not be vacuous in the case where the link consists of a single component. For example, all Cochran's derived invariants (see §3) of a link (M, K) in R 3 are invariant under weak 1-quasiisotopy of M in R 3 \ K. A large variety of invariants of knots in 3-manifolds, all of which turn out to be invariants of weak 1-quasi-isotopy, was constructed in [KL2] (these include the above interpretation of Cochran's invariants provided that M is null-homotopic in R 3 \ K). Namely, given an orientable manifold M 3 , a free homotopy class γ ∈ [S 1 , M ] and a cohomology class τ ∈ H 1 (M, Z) vanishing on the homology class of γ, Kirk and Livingston define a function f τ (K) ∈ Z[t, t −1 ] on the set of singular knots K : S 1 → M with one double point, K ∈ γ, by the formula f τ (K) = t τ (λ1) + t τ (λ2) − 2 where λ i are the homology classes of the two lobes of K (clearly τ (λ 1 ) + τ (λ 2 ) = 0). Often f τ turns out to represent the jumps of a type 1 invariant v τ defined on embedded knots K ∈ γ (see [KL2] ). Now it is easy to see that v τ (K), provided that it is well-defined, is invariant under weak 1-quasi-isotopy.
In what follows we always assume M = R 3 for simplicity.
Infinite ordinal numbers
The consideration of ordinal numbers greater than the first infinite ordinal number ω may seem useless in the present context. However, recalling the algebraic background [Part I; §3] behind the notion of k-quasi-isotopy, we could expect something reasonable about it, since there are examples (i) of a finitely presented group whose lower central series stabilizes at the (ω + 1) th term and (ii) of compact 3-manifolds (including connected sums of certain lens spaces with the results of certain Dehn surgeries on the Whitehead link) whose fundamental groups' lower central series stabilize at the 2ω th or some further (but, clearly, still countable) stage [CO] .
However, we could not determine so far whether ω-quasi-isotopy coincides with PL isotopy. The problem here is (cf. the proof of 1.1 below) to replace a contractible open neighborhood U of an arc properly PL embedded into a compact 3-manifold with boundary, by a closed PL ball neighborhood V . (Moreover, the 3-manifold may be assumed embeddable into S 3 , if it helps.) This is clearly impossible if one wants to demand additionally either V ⊂ U (by letting U be the complement to the Whitehead continuum) or V ⊃ U (by letting U be the bounded component of the complement to the horned sphere).
Proof. It is only necessary to prove that any strong ω-quasi-isotopy can be realized by a PL isotopy. Let f be a strong ω-quasi-embedding which is a critical level of the strong ω-quasi-isotopy. Then we are given PL 3-balls
i , and contained in the complement to other components S 1 j , j = i. (In fact B ω will be superfluous.) Without loss of generality B j ⊂ Int B j+1 for each finite j. Then each B j+1 \ B j is PL homeomorphic to the annulus S 2 × I (cf. [RS] ), and consequently the union
(That the latter union is not the whole circle S 1 i is guaranteed by the arc J ω .) We now tackle the problem that in general the frontier of B ∞ can be singular or wild, rather than a tamely embedded sphere. Let a 1 , a 2 be the endpoints of the arc J ∞ , and let I 1 , I 2 be small closed arcs which contain a 1 , a 2 in their interiors but do not contain the singularity f (p) = f (q). Let us consider the map F :
which is the identity outside a regular neighborhood R of I 1 ∪ I 2 relative ∂I 1 ∪ ∂I 2 , shrinks a smaller neighborhood R ′ of I 1 ∪I 2 relative ∂I 1 ∪∂I 2 onto I 1 ∪I 2 so that all nondegenerate point inverses are closed 2-disks, and sends R\ R ′ homeomorphically onto R \ (I 1 ∪ I 2 ). Clearly, B
is again an open ball containing the double point and intersecting the link precisely in f (J ∞ ). In addition the closed neighborhood R ′ of {a, b} meets the topological frontier Fr B 
, meeting the image of f in two points, and the double point of f is contained in B + . Hence the two embedded links f − and f + , neighbouring f in the given strong ω-quasi-isotopy (they can be assumed coinciding outside B + as the double point of f occurs inside it), can be joined by a PL isotopy first killing the local knot of f − in the ball B + and then inserting the local knot of f + in B + , rather than via a self-intersection.
Remark. In the above proof we have used Hauptvermutung for open 2-disc D 2 cross closed line segment I (see [Mo] for a proof). More precisely, it was essential that any PL structure on D 2 ×I has the following property, known to be absent in exotic R 4 's: Any compact subset is contained in a closed PL ball.
( 1.1) This suggests that the higher-dimensional version of strong k-quasi-isotopy for infinite k may be useful to detect the property (1.1). 
Indeed, the following invariant is clearly additive under a connected sum and invariant under PL isotopy. Given a PL link l :
with vanishing linking number, we consider a decomposition of l| S 1 1 into the connected sum of prime knots
, yielded by intoduction of the commutativity relations killing the rest prime knots k 1 , . . . , k i−1 , k i+1 , . . . , k p . We define I(l) to be the number of essential prime knots among k 1 , . . . , k p .
Remark. This invariant was used in [Me] to construct a map (in fact a topological immersion though not locally flat) of two arcs into R 3 which is not isotopically realizable (cf. [Part I] for the definitions and their relevance).
In what follows we always assume (weak, strong) k-quasi-isotopy to be considered only for finite k.
Finite type invariants Theorem 2.1. Let χ be a finite type invariant of links, namely let χ be of type ≤ k. If χ is invariant under PL isotopy, then it is invariant under k-quasi-isotopy.
More generally, the same holds for any KL-finite type invariant of KL-type ≤ k.
Under KL-finite type invariants we mean the setting of finite type invariants introduced in [KL1] (compare [KL2] ). Let us recall the definitions (see [Va] , [PS] for a background). Let LM (respectively LM m ) be the subspace of the space LM
, where m is arbitrary (resp. fixed), consisting of link maps with only singularities being transversal double points. Notice that LM m is disconnected for m ≥ 1. Let LM m n (respectively LM m n ) denote its subspace consisting of maps with precisely (resp. at least) n singularities.
Given any ambient isotopy invariant χ : LM m 0 → G taking value in an Abelian group G, it can be extended over LM m inductively by the formulā
where , i.e. on all link maps with at least r + 1 transversal double points, for some finite r, then χ is called a KL-finite type invariant, namely of KL-type r (note that in our notation any KL-type r invariant is also of KL-type r + 1; sometimes we will identify a KL-finite type invariant χ : LM m 0 → G with its extensionχ : LM m → G). For m = 1 the KL-finite type invariants, normed by χ(unknot) = 0, coincide with usual Vassiliev invariants of knots, while for m ≥ 1 any type k invariant in the ordinary sense (i.e. in the space L of all singular links as opposed to LM) is a KL-type k invariant, but not vice versa. Indeed, the linking number lk and the generalized Sato-Levine invariantβ are of KL-types 0 and 1, respectively, but of types 1 and 3, not less [KL1] . Also it is arguable that higherμ-invariants with distinct indices should be regarded as having KL-type 0 (as they assume values in different cyclic groups depending on link homotopy classes of proper sublinks, we must either agree to imagine these groups as subgroups, say, of Z ⊕ Q/Z, or extend the definition of KL-finite type invariants to include the possibility where each path-connected component of LM m has its own range of values). Recall that to includeμ-invariants in the usual setting of finite type invariants, one passes normally to string links (compare [Mell] and [Lin2] ) or to partially defined finite type invariants [Gu; Remark 10.2] .
It is clear that KL-type r invariants χ : LM 
Remarks. (i).
By evaluating any type r invariant of knots on the components of a link we obtain m of type r invariants in LM and consequently a monomorphism Λ :
We claim that its image (whose elements we wish to regard here as 'least interesting' among all type r invariants in LM) is a direct summand, although not necessarily a canonical one. Indeed, for each link homotopy class α fix a representative L α = b(α) with unknotted components, and, for any 
(to see thatχ is of type r, notice that the local knot k(I) ⊂ B 3 on the i th component of L i can be taken to look precisely the same as the i th component of L outside a small ball). This takes any χ ∈ im Λ to zero, and thus defines a homomorphism
To see that Λ b is monic, define for any χ ∈ G r a type r knot invariant χ i by
where K i is the link, obtained by tying the knot K locally on the i th component of 
is invariant under tying local knots. The last term mχ(L α ) is certainly invariant under this, and if we tie a local knot, say, on the i th component, so will be the terms χ(L j ) for j = i. The remaining expression χ(L) − χ(L i ) can be rewritten as (χ(H j ) − χ(H j+1 )) where H 0 , . . . , H s are the consecutive non-singular links occuring in some general position link homotopy between L and L i , so that H 0 = L, H s = L i , and each H j differs from H j+1 by one generic self-intersection of some component (we do not distinguish between ambient isotopic links here). If we denote the singular link occuring between H j and H j+1 by S j , so that S j ∈ LM m 1 , then our sum will be ±χ(S j ). The hypothesis implies that each difference χ(S j ) − χ(S j i ) is invariant under addition of local knots, so it remains to show that ±χ(S j i ) is invariant under addition of local knots. Now the latter sum is nothing but (χ(H
is invariant under tying a local knot on the i th component for arbitrary L and i, and prove thatχ(S) −χ(S i ) for any S ∈ LM m 1 behaves in the same way. Let L andL be the two non-singular links obtained by resolving the singularity of S.
, while the right-hand side is invariant under addition of a local knot.
Proof of Theorem 2.1. For k = 0 there is nothing to prove, so assume k ≥ 1. It suffices to show that any χ ∈G m k vanishes on any k-quasi-embedding f with a single double point f (p) = f (q). Let P 0 , . . . , P k and J 0 , . . . , J k−1 be as in the definition of k-quasi-embedding. In order to have enough room for general position we assume without loss of generality that P i 's are compact 3-manifolds and that p, q ∈ Int J 0 (this can be achieved by taking small regural neighborhoods).
As the inclusion P 0 ∪ f (J 0 ) ֒→ P 1 induces the trivial map on π 1 , there exists a general position homotopy f t in the space LM m 1 with f 0 = f , f t (J 0 ) ⊂ P 1 , f t = f outside J 0 and such that f 1 is a link map with exactly one double point and one of the lobes being a small circle null-homotopic in the complement to the rest of the image of f . (General position means that any extra double points occur discretely in time, that there cannot occur two extra double points at the same time, in particular each intermediate link map is in LM m 1 ∪ LM m 2 , and that the initially existing singularity cannot disappear in favour of a simultaneous birth of a new double point at a distance).
Using the one-term relation, we see that any finite type invariant vanishes on f 1 . By the definition, any type 1 invariant remains unchanged under the selfintersections occuring in the homotopy f t , and this completes the proof for k = 1. To continue with the general case, we study the jump of our invariant χ ∈G Let f t1 ∈ LM m 2 be one. Using the definition of k-quasi-isotopy, k ≥ 2, we construct a general position homotopy f t1,t in the space LM m 2 with f t1,0 = f t1 , f t1,t (J 1 ) ⊂ P 2 , f t1,t = f t1 outside J 1 and such that f t1,1 ∈ LM m 2 takes J 1 into a ball B 1 not meeting the image of f t1,1 except for that of J 1 .
Indeed, since f t1 (J 1 ) ⊂ P 1 ∪ f (J 1 ) is null-homotopic in P 2 , we can contract the polyhedron f t1 (J 1 \ U ), where U is a small regular neighborhood in J 1 of its endpoints, into a small ball B ′ 1 in the complement to the image of the exterior of J 1 , by a homotopy f t1,t | J1 as required above. Now joining in an arbitrary way the endpoints f (∂J 1 ) to the endpoints of f t1,t (J 1 \ U ) by two embedded arcs f t1,t (U ), we obtain the required homotopy, and taking a small regular neighborhood of B ′ 1 ∪ f t1,1 (J 1 ) relative to f t1,1 (∂J 1 ) we obtain the required ball B 1 .
(Using the reformulation of the definition of 2-quasi-isotopy given in [Part I, §2] , the homotopy f t1,t can be visualized, in the notation of [Part I, §2] , as the one first shifting the arcs f (J 1j ) onto the arcs F 1 (I 1j ) and then taking the image of J 1 into a ball along the track of the null-homotopy F 1 .) By Lemma 2.3 below any finite type invariant vanishes on f t1,1 . The homotopy f t1,t as well as the analogously constructed f ti,t for each f ti ∈ LM m 2 do not change any invariant of type 2, so for k = 2 we are done. The proof in the general case should be transparent now. For completeness, we state 2.2. The n th inductive step. For each link map f ti 1 ,ti 2 ,...,ti n−1 ∈ LM m n , which is a critical level of one of the homotopies constructed in the previous step, there exists a general position homotopy f ti 1 ,ti 2 ,...,ti n−1 ,t in the space LM m n such that (i) f ti 1 ,ti 2 ,...,ti n−1 ,t = f ti 1 ,ti 2 ,...,ti n−1 for t = 0 and outside J n−1 ; (ii) f ti 1 ,ti 2 ,...,ti n−1 ,t (J n−1 ) ⊂ P n ;
..,ti n−1 ,1 (B n−1 ) = J n−1 for some PL 3-ball B n−1 .
The following generalization of the one-term relation follows by the obvious induction on n. 
Problem 2.4. Is the converse to Theorem 2.1 (for KL-finite type invariants) true?
Remark. In fact, the proof of Theorem 2.1 works also for virtual k-quasi-isotopy (see definition in [Part I] ) in place of k-quasi-isotopy, moreover it shows that two links are virtually k-quasi-isotopic iff they are geometrically k-equivalent in the following sense. For each n > 0, let LM Now Problem 2.4 can be split into two questions: (i) of coincidence of geometric k-equivalence and 'algebraic' Goussarov-Stanford k-equivalence, i.e. inability to distinguish using only type k invariants (in the setting of finite type invariants being considered), and (ii) of coincidence of virtual and 'ordinary' k-quasi-isotopy.
Example. We recall that the Conway polynomial of an m-component link L is always of the form
and satisfies the crossing change formula
where L 0 is obtained by smoothing the self-intersection of the singular link L s , intermediate between L + and L − , so that L 0 has one more (respectively less) component than L + and L − if this intersection is a self-intersection of some component (resp. intersection of distinct components). The formula (2.2) along with (2.1) and the requirements that c 0 = 1 for any knot and ∇ L (z) = 0 for any L with at least one component split by an embedded sphere from the other components, clearly suffice to calculate the first possibly non-vanishing coefficient c m−1 of ∇ for any link L (to evaluate ∇ in whole we would also need the normalizing axiom ∇ unknot (z) = 1). From this one can see that c m−1 is a function of the pairwise linking numbers of the components of the link, hence a type 0 invariant in LM. For example, it is easy to see that c 1 (
As for the subsequent coefficients, using the skein relation (2.2) it is easy to see that each c p is of type p in L and of type p − (m − 1) in LM. To see the latter, let us modify the Kirk-Livingston setting to include the case where the 'link components' may be disconnected (but should be non-empty and thought of as painted in different colors) by the price of the rule that the value of an invariant on a singular link (with an arbitrary number k of double points) should coincide with the value on its smoothing (which has up to m + k actual components, where m is the number of colors). Now let us prove by induction on i = p − (m − 1) that c p is of type i in LM m . Indeed, if the number M of actual components equals m then c p = c m−1 is a function of the pairwise linking numbers, and otherwise it is zero, in both cases being a type 0 invariant in LM m . Finally, the formula (2.2) proves the induction step since the permitted crossings lead to smoothed singular links which have the same number of colors m. We obtain the following 
k-cobordism and Cochran's invariants
First we observe a relation with k-cobordism of , [Co2] .
is a cobordism which looks like a true concordance to the k th lower central series quotient of the fundamental group (compare [Orr1] ). More precisely, an elementary k-cobordism [Lin1] is an operation of taking a band connected sum of a component with the boundary of a punctured torus T in the link exterior E, provided that the inclusion T ֒→ E sends its fundamental group Z * Z = π 1 (T ) into the k th lower central subgroup, denoted γ k π, of the fundamental group π = π 1 (E). (Recall that γ 1 π = π and
2 )-cobordism we mean an elementary k-cobordism provided that there is a basis {a, b} of π 1 (T ) such that the inclusion takes a into γ k π and b into γ k+1 π. Finally, for k = For the case k = 0 this is done in Fig. 1 (the ribbon, forming a half of the punctured torus, is twisted l times around the right lobe in order to cancel the linking number l of the two lobes). Indeed, it can be easily seen that the band connected sum L − ♯∂T is ambient isotopic to L + , meanwhile the natural generators of π 1 (T ) represent the conjugate classes of τ and µ
, where µ is the meridian and τ the twisted longitude of the right lobe L 1 . In the case k = 1, since τ is null-homologous in the complement to the component being self-intersected (due to the twisting of the ribbon) and in the complement to the other components (by the definition of weak 1-quasi-isotopy), it represents an element of the commutator subgroup γ 2 π. In the general case, it is guaranteed by Lemma 3.2b below that τ lies in γ k+1 π, and we are done. 
Here π(L) denotes the fundamental group π 1 (R 3 \ im L), and g H denotes the subgroup h −1 gh | h ∈ H . The proof is straightforward (or at least similar to the proof of Theorem 2.1) and is left to the reader. The passage from a) to b) is to be achieved by means of appropriate twistings.
Remarks. (i).
It should be noted that for two-component links with vanishing linking number the Sato-Levine invariant β, well-defined up to weak 1-quasi-isotopy [Part I] , is a complete invariant of 2-cobordism [Sa] . Originally, β was defined to be the framed bordism class of the naturally framed transversal intersection of any two oriented Seifert surfaces bounded by the components of the link in the complements to each other [Sa] . (This yields an element of π 3 (S 2 ) via the Pontryagin construction.)
(ii). By [Orr1; Theorem 5] the (k + 2) nd lower central series quotient of the fundamental group is invariant under (k + 1)-cobordism and hence under k-quasi-isotopy. However, an easier argument in [Part I] 
Furthermore,μ-invariants of length ≤ 2k+3 are invariant under k-quasi-isotopy. We recall the definition of Cochran's invariants [Co1] . Let L = K + ∪ K − be a two-component link, lk(L) = 0, and let K * , where ' * ' stands for either '+' or '−', be a fixed component, which we call active (the other one is passive). Then β 1 * (L) = β(L), the Sato-Levine invariant, and β i+1 * (L) is defined to be β
where D * (L) is the * -derivative of L defined by substituting K * with the transversal intersection of oriented Seifert surfaces of the components in the link exterior, provided that this intersection is a connected curve (this can be always achieved [Co1] ). Two series of invariants have been defined so far, β 
It follows that the statements of 3.1 and 3.3 are sharp, that is, β k+1 is not invariant under k-quasi-isotopy, which therefore does not imply (k + 2)-cobordism.
(ii). Also it follows that the link W ′ is not 2-quasi-isotopic to the Whitehead link W. Nevertheless their complements are clearly homeomorphic (disturbing the peripheral structure), moreover the two links have the same µ-invariants and the same Alexander polynomial (cf. [Co1] ).
(iii).
Cochran's invariants can be also defined in terms of the Seifert matrix [Co1; §8] , [GL] , and it was proved that β i is an integral lifting of ±μ(11 . . . 11 2i times 22), where 1 denotes the passive component [Co2] , [St] (see also [Orr2] ). A geometric argument [Co1; §7] shows that the formal power series i β i x i is equivalent, by a change of the variable, to Kojima's η-function [KY] which is defined, roughly, from the 'linking numbers' of the various lifts of the active component into the infite cyclic cover of the passive component's complemement. In turn, the η-function is invariant under I-equivalence [KY] and can be expressed in terms of Alexander's 2-variable polynomial of the link and the 1-variable one of the active component [Jin] . Also there exists a formula for Cochran's invariants in terms of Conway's polynomials of the passive component and the knot obtained from the passive component by a (+1)-surgery on the active component, provided the latter is unknotted [JLWW] .
A link L : S 1 ⊔ S 1 ֒→ R 3 is called semi-contractible [Ki] , [Ko] if each component is null-homotopic in the complement to the other. Generalizing this notion, we call two links symmetrically 0-quasi-isotopic if they can be joined by two 0-quasiisotopies such that the i th of them (i = 1, 2) carries the i th component without self-intersections, i.e. by a PL isotopy (not necessarily locally-flat). Evidently, a semi-contractible link is symmetrically 0-quasi-isotopically trivial, and the converse is also quite easy, see [Me; proof of Claim 2.1]. Analogously one defines symmetric (weak, strong) k-quasi-isotopy.
